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Abstract 
Zhang, C.-Q. and Y.-J. Zhu, Long path connectivity of regular graphs, Discrete Mathematics 
96 (1991) 151-160. 
Any pair of vertices in a 4-connected 
path or a path of length at least 3k-6. 
non-bipartite k-regular graph are joined bY a Hamilton 
The topics about Hamilton cycles, circumferences and Hamiltonian connec- 
tivities of regular graphs have been interesting many mathematicians in recent 
years [2,1,4,7,3,6]. 
In this paper, we will investigate the length of a longest path joining any pair of 
vertices of regular graphs and establish the following theorem. 
Theorem 1. Let G be a 4-connected non-bipartite k-regular graph. Then any pair 
of distinct vertices of G are joined by a Hamilton path or a path of length at least 
3k-6. 
In a sense, this theorem is a generalization of the following results. 
(i) (Bollobas and Hobbs [l]). Any 2-connected k-regular graph of order at 
most gk contains a Hamilton cycle. 
(ii) (Jackson [4]). Any 2-connected k-regular graph of order at most 3k 
contains a Hamilton cycle. 
(iii) (Zhu, Liu and Yu [7]). Any 2-connected k-regular graph of order at most 
3k + 3 contains a Hamilton cycle. 
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(iv) (Fan [3]). Tl le 1 ength of a longest cycle in a 3-connected k-regular graph of 
order n is at least min{n, 3k). 
(v) @hang and Zhu [6]). Any pair of vertices of a 3-connected non-bipartite 
k-regular graph of order at most 3k - 4 are joined by a Hamilton path. 
The condition of 4-connectivity in the theorem cannot be reduced. A 
3-connected k-regular graph of order 3k + 3 containing no path of length at least 
2k + 3 joining a pair of vertices can be constructed as follows. Let k = 3h. Let 
Gl,..., G9 be nine disjoint copies of the complete graph Kh and IJ~, v2, v3 be 
three distinct vertices. Join an edge between each pair of vertices in 
G3i+rG3i+zG3i+3 for i = 0, 1, 2, and join an edge between V~ and each vertex of 
G3i+j for i = 0, 1,2 and j = 1,2,3. The induced graph contains 9h + 3 vertices and 
is 3h-regular 3-connected, in which Vi and vj are not joined by any path of length 
longer than 6h + 2 for i, j E { 1, 2, 3). (See Fig. 1.) 
Actually, we can establish a result stronger than Theorem 1. 
Theorem 2. Let G be a 4-connected graph and x, y be a rsir of distinct vertices of 
G such that: 
(i) d(v) = kfor any vertex v E V(G)\{x, y}, 
(ii) d(x), d(y) < k. 
Then the length of a longest path joining x and y is at least: 
(i) min{jV(G)j - 1, 3k - 6) if G is not a bipartite graph, or if G is a bipartite 
graph and x, y belong to different parts of the bipartition of G; 
(ii) min{ IV(G)1 - 2, 3k - 6) if G is a bipartite graph and x, y belong to the 
same part of the bipartition of G. 
Let G = (V, E) be a graph with vertex set V and edge set E. Let P = uQ l l l up 
be a path of G. For 0 d i, j <p, the segment ui l = 1 Uj of P is denoted by UiPUj if 
b 
Fig. 1. 
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i <j or UiFUj if i 3 j. The length of a path P is the number of edges in P and is 
denoted by e(P). Let H be a subgraph of G. Let W, w’ be two vertices of H. TRe 
length of a longest path of H joining W, w’ is denoted by L&w, w’). Let v be a 
vertex of G. The set of vertices of H adjacent to v is denoted by NH(v) and the 
number of vertices of NH(v) is denoted by &(v). When V(H) = V(G), we 
simply write d(v) and N(v) instead of &(v) and N&v). Let P = u. l l l u,, be a 
path of G and X be a subset of V(P). Denote 
X+l= (ui+l= Ui E X>, and X-’ = {Ui-I= Ui E X}. 
Let E(H, H’) be the set of all ordered pairs of vertices (x, y) such that 
(x, y) E E(G) and x E V(H), y E V(H’). And let IE(H, H’)I = e(H, H’). Note 
that if V(H) n V(H’) # 0, each edge (x, y) in the induced subgraph G(V(H) n 
V(H’)) will be counted twice in e(H, H’) since the ordered pairs (x, y) and (y, x) 
are considered different in E(H, H’). Thus d(v) = e(v, G) for any vertex v of G 
and 
2 44 = e(H, G) 
ueV(H) 
for subgraph H of G. 
Proof of Theorem 2. The theorem will be proved by contradiction. Suppose that 
the length of a longest path P = v. l l l up joining x = v. and y = vP is less than 
3k - 6 and G\V(P) is not empty. 
Part one 
In this part, we will show that G\V(P) is an independent set of G. The 
following lemmas will be applied in this part. 
Lemma 1.1 (Lemma 4, [3]). Let H be a 2-connected graph and Q = u. l l l uq be a 
longest path of H. Then 
L,(x, y) 2 min{d(u& d(u,)) 
for any pair of distinct vertices x and y in H. 
Let C be a set and {A,, . . . , A,), {B,, . . . , B,) be partitions of C such th:at 
cu~2andIA,nBil~lforanyClE(1,...,1Y)andanyjE{l,...,h}.If 
BinA,++, Bjf7AO#Q, and Bi+l=***=Bj_1=# 
for some ~1, 8 E { 1, . . . , (u} and p # 8, then {i, . . . , j} is called a ciosed 
extendible interval of { B1, . . . , B,). 
Lemma 1.2 ([6, Lemma 3.21). Let C be a set, {Al, e . . , A,} and {B,. . . . , &} 
be partitions of C dejked as above. Ifs is an integer such that Q 2 s and &,I 3 s 
for each u E { 1) . , . , a) ) then ( B1 ) . . . , Bh ) has at least s - 1 closed extendible 
intervals. 
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Suppose that G\V(P) is not an independent set and let WO be a component of 
G\V(P) which contains at least two vertices. Let &, . . . , T, be all end-blocks of 
WO. (An end-block of WO is a block of WO which contains at most one cut-vertex of 
WP) 
(I) We claim that there exists a longest path Qi = xi l = l xii in each z such that: 
- (i) &V&3 4 ‘,,(xbi) an xi is not a cut-vertex of WO, and d 
(ii) d,(xf) is as big as possible. 
Let R =yl l l l y, be a longest path in T such that dw,(yl) G &+,(y,). 
(a) If yl is a cut-vertex of WO and d,(yi) 3 2, then there is another longest path 
Y$YlY,+l Yr R or yrZ?y,+,yl Ryp satisfying (i) for any y,,, E NR( yr)\{ y2}. Of all 
longest paths in T satisfying (i), let Qi =x’, l l l xfi be the one with the largest 
&V&i,). 
(b) If y, is a cut-vertex of WO and dT,( yi) = 1, then 1 KI = 2 and R = y, y2 since T 
is a block. Hence d,(y2) = 1 and &,,(y,) > 1 because y, is a cut-vertex of WO. It 
contradicts the assumption that d,( yi) d d,( y,). 
(II) Let d = max(d&x~): i = 1, . . . , t}. Without loss of generality, let d = 
d,(x:). 
(i) When d 3 2 and &f(.x~) n {cut-vertices of WO} = t#~, let Z = &:(x1). 
(ii) When d 2 2 and xs is a vertex of N&x:) n {cut-vertices of W,}. Let 
2 = [N&x:)\{x~}] u {xf}. 
In both cases (i) and (ii), we have that 121 = lN&~:)l= d&x:) = d, and by 
Lemma 1.1, 
L&, z’) = b,(z, z’) 3 min{d,(x& d~,(x~,)l 
= d&x:) = d&x:) = d 
for each pair of distinct vertices, z, z’ E 2 n V(T,). If z E 2 n V(T,) and z’ E Z\I”~ 
we have that z’ = x: and 
&,,,(z, z’) 2 L&z, x:) + L&x:, x:) 2 L&z, x:) 2 d. 
By the choice of Q 1 and x :, it follows that 
d = 4.,+,(x:) a d,(z) 
for each z E 2. 
(iii) When d = 1, & is a single edge (xi, xi). Hence, xi is a degr xe one vertex 
of W. and xi is either a cut-vertex of W. if W. f Tl, or a degree one vertex cf W. if 
WO= Tl. If WO = T’, then let 2 = {xi, xi>. If W,\7” # $, by the choice of xi, we 
must have that dwO(xf) d d&x:) and x: is a degree oire vertex of Wo. Then let 
2 = {xi, x:}. Thus in either case, d,(z) = 1 for any z E 2. 
So wq always have that 
lZl= max{d, 2}, (I) 
L,(z, z’) a 4 (2) 
d,(z) s d and &(z) 2 k - 4 (3) 
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for each pair of distinct vertices t and z’ of 2. And 
I&I%l+l 
since d = d&x :) = d& :). 
(4) 
(III) We claim that 1 ad s k - 4. Suppose that d > k - 3. Since G is 4- 
connected, there are four internally disjoint paths Pp = Vet l . l xp joining T and P 
for p=l,... , 4 where {vi,, vi,, Vi,, Vi,} are distinct vertices of P, 0 G i, < iz < 
i,< i,sp, {x1, x2, x3, x,) belong to TI and 1(x,, . . . , x,)l = min{jTII, 4). 
Let Ru be a path joining xp and x~+~ in TI such that R, is of length at least d if 
xc( #x~+~ (by Lemma l.l), or Rp =x, if xcc =x~+~. Then 
l(vippviM+,) 2 ~(vi~p~x~R~x~+~p~+~vill+~) 3 d + 2 
if xc( #xp+,, or 
l(VirPVip+,) a ~(vi~ppxpp~+~vip+J 3 2 
if xp =xcr+l since P is a longest path joining v. and up. 
If 1 TII a 4, then {x1, x2, x3, x4} is a set of distinct vertices and 
l(P) 3 i l(viwPvip+,) 2 3(d + 2) 3 3k - 3 
jL=l 
(by d 2 k - 3). It contradicts the assumption that Z(P) < 3k - 6. Therefore 
I&I G 3 and some xi and xi of {x1, x2, x3, x4} are the same vertex. However, 
3k - 7 a l(P) 3 $ l(ViwPVip+,) 
p=l 
a C l(vippviu+,) + C l(vippVip+~) 
+*x,+l Xp=Xp+I 
a(d+2)((T,(-1)+2(4-1T,I)=d(lT,I--1)+6 
ad2+6 (by (4)) 
z=k’-6k+l5 (bydzk-3). 
Thus Oak’- 9k + 22. l3ut the value of k2 - 9k + 22 is always positive for ;t.ny k. 
This contradiction establishes our claim. 
(IV) Now we wish to show the following inequality 
l(P) 2 (k - LI - l)(d + 2). (5) 
Let z, z’ be a pair of distinct vertices of 2. We have shown that d&z), 
d&‘) 3 k -d and eW,(z, z’) 2 d (by (2) and (3)). Let i&(z) n Np(t’j! - 
~(2, 2’). Since P is a longest path joining v. and up, I++(z) U IV&‘) does not 
contain two consecutive vertices of P. Let {Vi,, . . . , Vi,} = Alp(z) U Np(z’). Then 
[Vi, PV,r]\[Np(Z) U Np(Z’)] contains r - 1 open segments. A segment Vi, PV,,,, is 
called extendible with respect to (z, r’} if either Vi, E N(z) and Vi,,+, E N(z’) or 
vi, E N(z’) and ‘Ui,,l E N(z). Otherwise, it is called unextendible. It is not very 
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hard to see that B has at least o(t, z’) - 1 extendible segments with respect to 
{z, z’]. Since P is a longest path joining ~~ and vP and Lw,,(z, z’) 2 d, each 
extendible segment is of length at least d + 2 and each unextendible segment is of 
length at least two. 
(i) If there is a pair of distict vertices {zl, z2} of 2 such that P has o(zl, zz) or 
o(zl, z2) - 1 extendible segments with respect to (zl, ~2) then one of 
{NP(zl), NP(zJ} must be a subset of the other one and 
e(P) 3 (total length of all extendible segments) 
2 (d + 2)(&l, z2j - 1) 
3 (d + 2)(k - d - 1) (since a(zl, z*) 3 k - d). 
Thus we have established the inequality (5) in this case, and therefore we will 
assume that P has at least 1y(z, z’) + 1 extendible segments with respect to any 
pair of distincr vertices {z, z ‘} of 2. 
(ii) Case 1: d s k/2. 
Let CJ = max{ o(z, z’) 1 z, z’ are a pair of distinct vertices of 2). Choose a pair 
of distinct vertices z1 and z2 of 2 such that a(zl, z2) = o and let r = lNP(zl) U 
Np(z2)l. It is clear that 
r + CT = INp(zl)l + INP( 2 2(k - d) (6) 
Since P has at least o + 1 extendible segments with respect to {zl, z2}, we have 
that 
C(P) Z= (total length of all extendible segments with respect to { zl, z2}) 
+ (total length of all unextendible segments with 
respect to {zs ) z2}) 
2 (d + 2)(a + 1) + 2[(r - 1)-(a+1)]=2r+crd+d-2 
>2[2(k-d)-a]+ad+d-2 (sincers2(k-d)-aby(6j) 
=(4k-2d)-2d+(o+l)(d-2) 
23k - 2d + (a+ l)(d - 2) (since d s:). 
Thus 
if 02 1; by (8), we have that 
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It is a contradiction and hence we have that cr = 0. If d c 4, by (8), we have that 
3&7sC(P)a3k-2d+(d-2) (since n=O) 
2 3k - 6 (since d G 4). 
It is also a contradiction and therefore we must have that d 2 5. Note that 
1~12 d 3 5, let z, z’, Z” be three distinct vertices of 2. By the definition of a and 
0 = 0, the subsets N,(z), Np(z’) and Np(z”) of V(p) are pair-wise disjoint. Hence 
INp(z) U Np(z’) U Np(z”)( 3 3(k - d) 
and P has at least 3(k - d) - 1 segments each of which is of length at least two. 
so 
It contradicts that 8(P) s 3k - 7. 
(iii) Case 2: d 2 k/2. 
Let C = E(Z, P) be a set and 
and 
{A, = E(z, P): for each z E 2) 
{Bi = E(Z, vi): for each vi E V(P)} 
be partitions of C. Note that I( = lZl= d a k - d and lAzi = dp(z) 3 k - d for 
any z E Z (by (3)), IA, n Oil s 1 for any z E 2 and Vi E V(P). We can apply 
Lemma 1.2 on C and these two partitions of C. Thus P has at least k - d - 1 
extendible segments each of which is of length at least d + 2 and therefore 
e(P) 2 (total length of all extendible segments) 
+d+2)(k-d-1) 
and the inequality (5) holds for all cases. 
(V) Since 1s d s k - 4, the minimum value of (d + 2)(k - d -_ 1) is 3k - 6; it 
contradicts that C(P) < 3k - 6 and therefore G\V(P) is an independent set. 
Part two 
It has been shown in part one that W = G\V(P) is an independent set. Let 
w E W. Following [5], put Y0 = Q, and for i 3 1, put 
Xi=N(Y-* U(W)) 
and 
Y = (Vi E V(P): Vi-1 E Xi and Vj+l E Xi}. 
ThusN(w)=X,cXz~**and (a=YOcY1c_Y,*==. Put 
X=,olXi and Y=fi Y. 
i=l 
The following lemma has been proved in [6] and.will be applied in this part of the 
proof. 
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Lemma 2.1. (i) (direct conclusion of the definition) 
YEV(P)\{V,-,,~,) and Y=(XnP)+‘U(XnP)-‘. 
(ii) (Lemma 4.4, [6]). X does not contain two consecutive vertices of P. 
(iii) (Lemma 4.4, [6]). X n Y = #. 
(iv) (Lemma 4.7, [6]). Y U W is an independent set of G, 
N(Y) c V(P) and N(Y U {w}) =X c V(P). 
(v) e(X, Y U {w}) = k(lYI + 1) and e(V’, Y U {w}) = 0 for any subset V’ of 
V(G)\X. 
Proof. We only need to prove (v). By (i) vo, up $ Y U {w}, it follows that 
d(u) = k for any u E Y U {w}. Since X = N(Y U {w}), 
e(YU{w},X)=e(YU{w},G)=k)YU{w}l and N(YU{w})nV’=+ 
for any subset V’ of V(G)\X. 
Put 1X1=x and lYl=q. Then P\xUY is a union of at most x-q+1 
segments of P. Let S1, . . . , St-1 be the segments of PU U Y not containing v. 
and r+,. Let So (or S,) be the segment of P\x U Y not containing v. and up. Let So 
(or S,) be the segment of Pw U Y containing v. (or up, respectively) if v. (or up, 
respectively) does not belong to X. Obviously, So = # (or St = $) if v. E X (or 
up E X, respectively). It is easy to see that ISi1 2 2 for 1 <i s t - 1 and t = x - +k 
Let S = lJico Si. Here V(P) = X U Y U S, by (i) and (iv) of Lemma 2.1. 
Case 1: s#+. 
Let Zi = Si n (X+l UX-‘) and 2 = lJ:=oZ,. We have the following two 
lemmas. 
Lemma 2.2 (Lemma 4.8, [6]). e(2, S) c (t - A)(lSl - t + 3) where A = 0 if So U 
S,#t$andA=l if‘SoUS 
Lemma 2.3 (Lemma 4.9, 
Now we can prove our 
= 6 
i6]). e(X, W\{ w}) 2 e(Z, W\{ w}). 
theorem in this case. Since 
and 
kx a e(X, G) 2 e(X, 2) + e(X, Y U {w}) = e(X, W\{w}) 
k 121 = e(z, G) = e(Z, X) + e(Z, Y U {w}) + e(Z, S) + e(Z, W\{w}), 
we have that 
kx - e(X, Y U {w}) - e(X, W\{ w}) 3 e(X, 2) = e(2, X) 
= k 121 = e(2, S) 
= e(Z, W\( w}) - ~$5, Y U {w)). 
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kx - k(v + I) - e(X, W\(w)) 2 klZl- e(Z, S) - e(Z, W&v]) 
by (v) of Lemma 2.1. Note that 
x - q = t and e(X, W\(w)) 2 e(2, W\(w)) 
(by Lemma 2.3), it follows that e(2, S) 3 -kt + k + k 121. When S,,U St # 9, 
1213 2t - 1. By Lemma 2.2, 
t(lSl - t + 3) a -kt + k + k(2t - 1). 
Simplifying the above inequality, -we have that 
ISlat-3+k. (9) 
When SO U St = t#~, IZI = 2(t - 1). By Lemma 2.2, 
(t - l)(lSj - t + 3) z= -kt + k + 2k(t - 1). 
Simplifying the above inequality, we obtain inequality (9) again. Since V(P) = 
SUXUY, and;+4=XaIN(w)l=k, 
t(P) + 1= (V(P)( = IS( + (Xl + IYl 
+t-3+k)+x+ q (by (9)) 
=k+2x-3>3k-3. 
It contradicts that f(P) < 3k - 6 and therefore the path joining u. and vP is of 
length at least 3k - 6 in the case of S + #. 
Case2: S=+. 
In this case, we must have p = L(P) is even and 
x= v2$i=o,..., l ;}, Y=[v2;_*:i=l,. . . ,;}. 
Thus I Y U {w}( = 1x1. We claim that X is also an independent set acd 
N(X) c Y U (w}. By (v) of Lemma 2.1, we have that 
e(Y U {w}, X) = k IY U {w}l= k 1x1. 
Since thz maximum degree of G is k, all neighbors of every vertex of X are 
contained in Y U {w ). 
Moreover, by (iv) of Lemma 2.1, both X and Y U {w} are independent sets 
and 
E(X, YU{w))=E(X,G)=E(G, Yu(w)). 
The connectivity of G implies that V(G) = X U Y U (w >. Thus (X, Y U {w >) is a 
bipartition of G and vo, vP are joined by a path of length IV(G)[ - 2. cl 
Recently Theorem 1 was also independently proved by Jung (Annals Discrete 
Mathematics 41) with a sligiltly stronger conclusion. 
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